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Abstract 

In a noncompact harmonic manifold M we establish finite dimensionality of 
the eigenspaces V\ generated by radial eigenfunctions of the form cosh r + c. As a 
consequence, for such harmonic manifolds, we give an isometric imbedding of M 
into (V\, B), where B is a nondegenerate symmetric bilinear indefinite form on V\ 
(analogous to the imbedding of the real hyperbolic space H n into R n+1 with the 
indefinite form Q(x,x) = —x\ + J2 x i)- Finally we give certain conditions under 
which M is symmetric. 



1 Introduction 



Let (M, g) be a riemannian manifold. (M, g) is said to be harmonic if it's density function 
uj p = \det (gij)\ in a normal coordinate neighbourhood around each point p depends 
only on the geodesic distance r(p, .). Let (r p , 0) be polar coordinates around p, where 
r p (q) = r(p, q) is the geodesic distance between p and q and represents a point on the 
unit sphere in the tangent space T P (M) at p. In this system the density is 

6 P = r n - l uo p 
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A riemannian manifold is said to be globally harmonic if the density P is a radial or 
a spherically symmetric function around each point p G M i.e it depends only on the 
vaiable r and can thus be written as p (r). The function Q p (r) does not depend on the 
point p, since ui p {q) = ui q {p) i.e the function u p itself is independent of the point p. 

Let (M, g) be a harmonic manifold and let A be the laplacian on M. Consider a 
nonzero eigenvalue A and the corresponding eigen space V\. If M is compact, V\ is 
known to be finite dimensional. In this case Besse constructed isometric imbedding 
of M into V\. This immersion was crucially used by Szabo || in his proof of the 
Lichnerowicz conjecture, which asserts that Harmonic manifolds are symmetric. Szabo 
proved the conjecture for compact harmonic manifolds with finite fundamental group. 
In his paper he generalised Besse's imbedding theorem to give isometric immersions of 
any harmonic manifold M into L 2 (M,g), an infinite dimensional space. In particular 
he recovers Besse's imbedding for compact harmonic manifold. The eigen spaces V\ of 
noncompact manifolds, in particular noncompact harmonic manifolds need not be finite 
dimensional. Nevertheless the problem of imbedding M into a finite dimensional vector 
space albeit with an indefinite metric is important and has not been addressed (analogous 
to the imbedding of the real hyperbolic space H n into R n+1 with the indefinite metric 
Q(x, x) = — Xq + J2 x f )• We prove a partial result in this direction. 

Theorem 1 Let (M, g) be non-compact harmonic manifold. Let 7^ A be an eigenvalue 
of the Laplacian A. Assume that all the averaged eigenf unctions of A corresponding to 
A are of the form cosh r + c, where c is a constant and r is the distance function from 
the point of averaging. Let V\ be the eigen subspace generated by radial eigen functions. 
Then 

1. V\ is finite dimensional and 

2. there exists a symmetric nondegenerate bilinear form B on V\ and an isometric 
imbedding of M into (V\, —B). 

Moreover in this case the volume density is 

0(r) = 2™- 1 (sinh^)"" 1 (cosh^) n - 1 -t (fc+n - 1) . 
Also c and A are given by 

k + n — 1 
C = f + T+fc 



and 

A = -!<£+! + *) 
where Ricci(M) = —k, k > 0. Finally f p = coshr + c has no zeroes on M. 

Damek and Ricci |2| have given a family of noncompact harmonic spaces which are not 
symmetric, thus disproving the Lichnerowicz conjecture for the noncompact case. These 
spaces are called the NA spaces. Though these spaces are non-symmetric, they have 
an eigen function of the form coshr + C. These are the only known examples of non- 
symmetric harmonic spaces. Thus our theorem covers all the known cases of harmonic 
manifolds. Nevertheless we strongly believe that our theorem is true for all harmonic 
spaces. 



2 The imbedding of M into (V\, -B) 

Before proving the theorem we make a simple but useful observation. 

Observation : Let V be a vector space, S C V a set such that V = spanS. Let 

B : S x V — > Rbe a. map such that 

1. B is linear in the second variable, i.e, B(s, .) is linear on V for all s in S. 

2. B(s,t) = B(t,s) Vs,t e S. 

then there exists a unique bilinear form B : V x V —>■ R which extends B. 
Proof : Define 

B (£2 a,i Si , v) = (Si , v) 

i i 

■ 

Proof of the Theorem : 

Let x be any point of M and let B x be the unit ball around x. Let C°°(B X ) be the space 
of smooth functions on B x with the sup norm. 

Consider the restriction map 

: V x - C°°(B x );f ^ f\ Bx 



Due to analyticity ^ is injective. We will show that Im^f is finite dimensional. This 
will prove that V\ is finite dimensional. 



Let / be an eigenfunction for the eigen value A and let f p denote the averaged 
eigen function around p. We denote by C = V x + the cone generated by f p , p E M, i.e 
V x + = a pfp '■ a p > 0,p E M} and only finite sums are taken. 

claim : V\ n B x is finite dimensional, i.e Imfy is finite dimensional, 
proof : Let h = Yli a pjpi G C. Since f Pi = coshd(pi, .) 

k 

V h = a p t siim d{pi, ■) 
1 

Hence 

|V/i| 2 = (J2a Pi smhd(pi,.)) 2 
< (S a Pl coshd(p h .)) 2 
= K 

We consider the space X = C°°(B X ) n V A + . Since |V/i|bJ < |V/i|, the above inequality 
shows that for h E X, |V/i| < holds. This shows the following : If WMs a open 
ball in V x + such that fl C°°(B X ) is a bounded family then it is a pointwise bounded 
equicontinuous family in X. Hence by the Arzela-Ascoli theorem it is relatively compact 
in X. 

Now we argue as follows: let U be the open ball around the origin in V\. Choose 
a g in V\ such that U C C — g i.e U — g C C. The above argument shows that 
U - g n C°°(B X ) is relatively compact in V x n C°°(B X ), hence V* n C°°(B X ) is finte 
dimensional and the claim is proved. 

Let S = {f p : p E M} then V\ = SpanS. Define 

B : S x V x -> i? by 

B(f P ,Y, a if<i) = J2 a ifi (p) 

Then by the above observation 3!B : x 14 -> iJ, which extends Z?. 
claim: is symmetric and nondegenerate. 

proof: Clearly B is symmetric. Nondegeneracy of B can be established as follows. Let 
h E KerB, then 

B (h, f q ) = OVg E Mi.e, h{q) = OVg E M 

Now define the map 

$ : M - (Va, -5) by 



$ (p) ;= $ p = cosh d(p, .) 
Note that <3>(M) is contained in h) = 1} for let 7(t) be a geodesic in M then 



£ ( $ 7(t) , $ 7(t) ) = $ 7(t) 7 (*) = 1 

Further 

S ( $ 7(t) , $ 7(t) ) = 1 

gives on twice differentiating, 

b ( $; (t) , % {t) ) \ t=Q + B ( ^ , $ 7(t) ) u =0 = o 

i.e B($; (t) , $; (t) )|t = o + |t = o, $ 7(0) ) = o 

But, since $ 7 ( t ) = coshrf ("f(t)), = coshc?(7(t), .) and hence 

B($; t) | t=0 , $ 7(0) ) = i 

Therefore 

*(*^.*WI«-o = -1 

This shows that $ gives an isometric immersion of M into (V>, — -B). Finally, since 
cosh r is a monotone function, $ p ^ $ g for p ^ q. Thus we get an imbedding of M into 
(Va, — B). This imbedding is nondegenerate since the image of M is not contained in a 
lower dimensional subspace of V\. 

We now compute the densities of these harmonic manifolds. Let (r, 0) be polar 
coordinates around any point p of M and / be any smooth function on M. The Laplacian 
A in these coordinates is given by 

Af = A r f - f" - 

Where A r is the laplacian on the distance sphere S r and the primes denote derivatives 
with respect to r. Therefore the action of A on a radial function / (around p) is 

Hence if / is a radial eigen function for the eigen value A, then / satisfies 

/" + f /' + A/ = 



By our assumption f(r) = coshr + c. Hence we get 

0' 

— (r)sinhr = —(1 + A) coshr — cA 



9(r) = 2~( 1+A ) (sinh(^))-( 1+A+cA ) (cosh(^))-( 1+A - cA ) 



which gives 

But as r — > 0, O(r) — > (sinh(0) n_1 , hence we get 

1 + A + cA = 1 - n, and 6(r) = 2 (ri " 1) (sinh(^))"- 1 (cosh(^)) (n - 1+2cA) 
We now use the ledgers formula |]J (see pp. 161), which gives 

— -Ricci = uj"{r)\ r= o 

This shows that harmonic manifolds are Einstein, i.e they have constant ricci curvature. 
Let Ricci(M) = -k,k> 0. Now 

e(r) = r^uir) 

gives 

0'(r) n — 1 (^'(r) 
G(r) r u;(r) 

Using the expression for 6 obtained above, we get 

oj'ir) cA n — 1 

^4 = - 1 + A cothr - — 1 

co>(r) smhr r 

Differentiating twice and after simplification, we get 

1 „ . . n — 1 cA 

— Ricci = h — 

3 3 2 



which gives 



hence 



2 

cA = — (k + n — 1), but 1 + A + cA = 1 — n 
3 



, 2 , n, _ k + n — I 
A = — (1 + k + -) andc 



3 V 2 y l + A; + f 

Finally the above computations show that 

/ = coshr + c 

3n/2 



coshr — 1 + 



1 + A; + f 



2 r 3n/2 



2sinh z (-) + 



> 



"2' 1 + A: + f 
3n/2 



1 + /S+2 



Thus / has no zeroes on M. This completes the proof of the theorem. 



3 Symmetry of M 



In ths section we prove the symmetry of M under some assumptions. Two cases arise. 
Case 1. c = 

In this case M is symmetric. The sturm liouville equation 

f" + + A/ = 

shows that 

0(r) = sinh n_1 r 

A result from || shows that M is isometric to the real hyperbolic space with constant 
curvature -1. 
Case 2. c^O 

Let V.y be the subspace of V\ generated by {/ 7 (t) : t E R}. 

Lemma 3.1 Let M satisfy the hypothesis of the above Theorem. Assume in addition 
that B restricted to the subspace V 1 is nondegenerate. Then M is symmetric. 

Proof. Fix an imbedding $ : M — > V\; = f p . Let 7(t) be a geodesic on M. Then 

S (/7(*)>/y(o)) = cosht + c 

Differentiating we get 

B (f"[t) - / 7 (t)'/7(0)) = 

Since 7(0) is an arbitrary point ofM, f"L — f,^ e and by our assumption B is 
nondegenerate on Vy, the geodesic 7 satisfies 

f"[t) - f',(t) = 

Take p E M and let N p be the orthogonal complement, w.r.t B of the tangent space 
T p (M) to M. Define 

r p : V x -> V\ 

be the reflection w.r.t the subspace i\T p . r p is an isometry of V\, it fixes p and reverses the 
geodesies through p. Moreover it also leaves M invariant, hence it induces an isometry 
on M which is obviously the geodesic involution of M. Thus M is a symmetric space. ■ 



The next lemma shows that if V 1 is 3-dimensional then B is nondegenerate on it. 



Lemma 3.2 Let M satisfy the hypothesis of the theorem. Let 7 be a geodesic such that 
V 1 is 3-dimensional, then B is nondegenerate on V 1 . 

Proof. Let = —1,0,1 be such that {/ 7 ( Si )}i generate V 1 . Let g E satisfy 
B(g,f a (t))) = 0Vt. Put 

3 

9 = a i /r(*i) 
1 

3 3 
= a i coshrf(7(sj), .) + c^ai 
1 1 

Now B(g, / 7(t) ) = gives g(>y(t) = Vt, i.e 

a^c + ai cosh(sj — t) = Vt 
Dividing by cosh t and letting t — > 00 we see that 

a i = 

hence 

a« cosh(sj — t) = Vt 
Expanding and equating the coefficients of cosht and sinht to we get 

Oj cosh Sj = = ^ dj sinh Sj 

Substituting the vaues of and using the equation X) a* = we obtain a system of three 
equations 

a cosh 1 + a\ + a 2 cosh 1 = 
— a sinh 1 + + a 2 sinh 1 = 
a + ai + a 2 = 

But the coefficient matrix of the above system is nonsingular, hence a* = Vi, i.e # = 
or 5 is nondegenerate. ■ 
Combining the above two lemmas one sees that M is symmetric if V 1 is 3-dimensional. 



4 Summary 

For manifolds which satisfy the hypothesis of the theorem the density 0(r) is given by 

0(r) = 2 n - 1 (sinh-) n - 1 (cosh-) n - 1 -t( fe+n - 1 \ 

Put b = n — 1 — |(/c + n— 1). By the Bishop-Gromov comparison theorem b satisfies 
< b < n- 1. 



1. If b — n — 1, O(r) = sinh™ 1 r and hence M is isometric to the real hyperbolic 
space. In this case c = 0. 

2. If b = 0, 0(r) = 2™ _1 (sinh §) n_1 . Again M is isometric to the real hyperbolic 
space. But in this case c ^ and the eigen function f p = cosh r + c becomes the 
eigen function for the next eigen value. 

3. All the other harmonic spaces which satisfy the hypothesis of the theorem, in 
particular the NA spaces have < b < n — 1. 



Question Is b an integer?, in that case are all harmonic spaces homogeneous? 
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